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In this paper the constants of strong unicity of minimal projections onto some two-
dimensional subspaces in lð4Þ1 will be calculated. # 2002 Elsevier Science (USA)1. INTRODUCTION
Let X be a normed space and let Y be a linear subspace of X : A bounded
linear operator p : X ! Y is called a projection if py ¼ y for any y 2 Y : The
set of all projections going from X onto Y will be denoted by pðX ;YÞ: Set
lðY ;X Þ ¼ inffjjpjj : p 2 pðX ;YÞg: A projection p0 is minimal if jjp0jj ¼
lðY ;X Þ: This projection p0 is called strongly unique if there is k 2 ð0; 1
 such
that for any p 2 pðX ;Y Þ;
jjp0jj þ kjjp p0jj4jjpjj:
The study of existence and unicity of minimal projections is related to the
study of best approximation.
Let X ¼ lðnÞ1 and let Y ¼ Yn2; where Yn2  lðnÞ1 is a subspace of
codimension two. Then for any p 2 pðlðnÞ1 ;Yn2Þ;
pa;bx ¼ x  af ðxÞ  bgðxÞ;
where a 2 lðnÞ1 ; b 2 lðnÞ1 ; f and g are two linear functionals deﬁned on lðnÞ1 ;
and
f ðaÞ ¼ gðbÞ ¼ 1; f ðbÞ ¼ gðaÞ ¼ 0: ð1Þ
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O.M. MARTINOV176If moreover f 1ð0Þ ¼ fx 2 lðnÞ1 j f ðxÞ ¼
Pn
i¼1 fixi ¼ 0g; g1ð0Þ ¼ fx 2 lðnÞ1 j gðxÞ
¼Pni¼1 gixi ¼ 0g are hyperplanes in lðnÞ1 ; then we can write Yn2 ¼




Ti; where Ti ¼
Xn
j¼1
jdij  aifj  bigjj
and
jjp p0jj ¼ max
14i4n
Bi; where Bi ¼
Xn
j¼1
jðai  að0Þi Þfj þ ðbi  bð0Þi Þgjj:
For projection p0 we have
pð0Þa;bx ¼ x  að0Þf ðxÞ  bð0ÞgðxÞ:
For more complete information about this subject the reader is referred to
[1–13]. In [2, 5, 7–13] a complete characterization and unicity of minimal
projections on hyperplanes and subspaces of codimension two in spaces l1;




1 are presented. The strongly




1 and the same onto
two-dimensional subspaces of l
ð4Þ
1 are considered in [1, 3–6].
In this paper we calculate the constants of strong unicity for some two-
dimensional subspaces in l
ð4Þ
1 :
2. THE CONSTANTS OF STRONG UNICITY
Let functionals f and g be of the form
f ¼ ð1; s; r; 0Þ; g ¼ ð0; 0; 0; 1Þ; ð2Þ
where parameters s > 0; r > 0: Then conditions (1) can be rewritten in the
form
f ðaÞ ¼ a1 þ sa2 þ ra3 ¼ 1; gðaÞ ¼ a4 ¼ 0;
f ðbÞ ¼ b1 þ sb2 þ rb3 ¼ 0; gðbÞ ¼ b4 ¼ 1:
By Theorem 3.3 from [6] it is easy to deduce the following (see also [5,
Theorem 2.4.6, p. 73; 4, Theorem 2.5]):
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 lð4Þ1 be a subspace of codimension two, Y2 ¼
f 1ð0Þ \ g1ð0Þ; where f and g are functionals (2), and let pð0Þa;b be a minimal
projection on subspace Y2: Then (1) jjpð0Þa;bjj ¼ 4rsQ ; where Q ¼ 1þ ðs þ r
2Þðs  rÞ2 þ ðs þ r  1Þðs þ rÞ; if s þ r  1 > 0; r4s41; (2) jjpð0Þa;bjj ¼ 1; if
1 s  r50; r4s:
Now we can prove the main result of this paper. First note that in [3,
Theorem III.3.1, p. 105] the strong unicity constant has been estimated for
minimal projections onto hyperplanes in l
ðnÞ
1 :
Theorem 2.2. Let projection pð0Þa;b and functionals f ; g be as in Lemma
2.1. Then the projection pð0Þa;b is strongly unique (it follows from [4, Theorems
3.1, 3.3, 3.4] (see also [5, Theorems 2.5.1, 2.5.2, 2.5.3, pp. 75–78])) and the
constant k of strong unicity is equal to
k ¼ rð1 s þ rÞðs þ r  1Þðð1 sÞ2 þ rð1þ sÞÞð1þ s þ rÞ if s þ r  1 > 0; r4s41
and
k ¼ 1 s þ r
1þ s þ r if 1 s  r > 0; r4s:
Proof. Let
s þ r  1 > 0; r4s41: ð3Þ
In this case we have
T1 ¼ j1 a1j þ sja1j þ rja1j þ jb1j51þ ðs þ r  1Þja1j þ jb1j
5 1þ ðs þ r  1Þa1;
T2 ¼ ja2j þ j1 sa2j þ rja2j þ jb2j51þ ð1 s þ rÞja2j þ jb2j
5 1þ ð1 s þ rÞa2;
T3 ¼ ja3j þ sja3j þ j1 ra3j þ jb3j51þ ð1þ s  rÞja3j þ jb3j
5 1þ ð1þ s  rÞa3;
T4 ¼ ja4j þ sja4j þ rja4j þ j1 b4j ¼ 0:
O.M. MARTINOV178Now we ﬁnd að0Þi ; b
ð0Þ
i such that Ti ¼ jjpð0Þa;bjj ði ¼ 1; 2; 3Þ: Let bð0Þi ¼ 0
ði ¼ 1; 2; 3Þ: It is obtained above that að0Þ4 ¼ 0; bð0Þ4 ¼ 1: To ﬁnd að0Þi
ði ¼ 1; 2; 3Þ consider a system of equations
1þ ðs þ r  1Það0Þ1 ¼ 4rsQ ;
1þ ð1 s þ rÞað0Þ2 ¼ 4rsQ ;
1þ ð1þ s  rÞað0Þ3 ¼ 4rsQ :
8>><
>>:
From this system we get
að0Þ1 ¼
ð1 s þ rÞð1þ s  rÞ
Q
; að0Þ2 ¼




ð1 s þ rÞðs þ r  1Þ
Q
:
It is easy to show that að0Þi ði ¼ 1; 2; 3Þ satisfy the condition f ðaÞ ¼ 1:
Calculate the norm of the operator p pð0Þa;b:










a1  ð1 s þ rÞð1þ s  rÞ
Q
 







a2  ð1þ s  rÞðs þ r  1Þ
Q
 





a3  ð1 s þ rÞðs þ r  1Þ
Q
 




¼max a1  ð1 s þ rÞð1þ s  rÞ
Q
				
				ð1þ s þ rÞ þ jb1j;

a2  ð1þ s  rÞðs þ r  1Þ
Q
				
				ð1þ s þ rÞ þ jb2j;
a3  ð1 s þ rÞðs þ r  1Þ
Q
				
				ð1þ s þ rÞ þ jb3j

:
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ð1sþrÞðsþr1Þ
Q
; bi ¼ 0 ði ¼ 1; 2; 3Þ: Moreover, let
a1 >
ð1 s þ rÞð1þ s  rÞ
Q
; a2 >
ð1þ s  rÞðs þ r  1Þ
Q
: ð4Þ
Applying conditions (4) it is easy to show that if a35a
ð0Þ
3 ; then the inequality
a1 þ sa2 > 1 rað0Þ3 is satisﬁed.
Put also 1þ ðs þ r  1Þa1 ¼ 1þ ð1 s þ rÞa2; hence
a2 ¼ s þ r  1
1 s þ r a1: ð5Þ
By condition f ðaÞ ¼ 1 we get
a1 þ sa2 ¼ 1 ra3: ð6Þ
Applying conditions (5) and (6) ﬁnd
a1 ¼ 1 s þ r
P
ð1 ra3Þ; a2 ¼ s þ r  1
P
ð1 ra3Þ;
where P ¼ ð1 sÞ2 þ rð1þ sÞ:
For these values of ai and bi we get
B1 ¼ a1  ð1 s þ rÞð1þ s  rÞ
Q
				
				ð1þ s þ rÞ
¼ rð1 s þ rÞð1þ s þ rÞ
P





B2 ¼ a2  ð1þ s  rÞðs þ r  1Þ
Q
				
				ð1þ s þ rÞ
¼ rðs þ r  1Þð1þ s þ rÞ
P










The inequality B15B2 is equivalent to 1 s þ r5s þ r  1; which
immediately follows from (3). Now we prove that B3 > B1: We have




ð1 sÞ2 þ 2rs > r2: ð7Þ
Since ð1 sÞ2 þ 2rs52rs52r2 > r2; the last inequality is satisﬁed. Conse-
quently, max14i43 Bi ¼ B3:
Moreover, T1 ¼ T2 ¼ 1þ ð1sþrÞðsþr1ÞP ð1 ra3Þ; T3 ¼ 1þ ð1þ s  rÞa3:




max14i43 Ti ¼ T1:
Now we will estimate k from above. From the inequality jjpð0Þa;bjjþ
kB34T1; by elementary calculations, we may get k4
rð1sþrÞðsþr1Þ
ð1þsþrÞP : Now we
show that k 2 ð0; 1
: Obviously, k > 0 if conditions (3) are satisﬁed. The




The ﬁrst inequality is equivalent to (7). The second inequality is trivial.
To show that k ¼ rð1sþrÞðsþr1Þð1þsþrÞP is a maximal value of the constant of a
strong unicity we prove that inequality
jjpð0Þa;bjj þ k max
14i43
fjai  að0Þi jð1þ s þ rÞ þ jbijg
4maxf1þ ðs þ r  1Þja1j þ jb1j; 1þ ð1 s þ rÞja2j
þ jb2j; 1þ ð1þ s  rÞja3j þ jb3jg ð8Þ
satisﬁes for any ai; bi:
Consider three cases.
(1) Let maxi Bi ¼ B1: Denote a1  að0Þ1 ¼ e1:
(a) Suppose that e150: Then (8) can be rewritten in the
form jjpð0Þa;bjj þ kðe1ð1þ s þ rÞ þ jb1jÞ41þ ðs þ r  1Þja1j þ jb1j; hence 4rsQ
1þ kðe1ð1þ s þ rÞ þ jb1jÞ4ðs þ r  1Þ e1 þ ð1sþrÞð1þsrÞQ
 
þ jb1j; then kðe1
ð1þ s þ rÞ þ jb1jÞ4ðs þ r  1Þe1 þ jb1j:
The last inequality is equivalent to ke1ð1þ s þ rÞ4ðs þ r  1Þe1
and kjb1j4jb1j; which immediately follow from (7) and k41 accordingly.
(b) Now assume that e150: To prove (8) we note that maxf1þ
ðs þ r  1Þja1j þ jb1j; 1þ ð1 s þ rÞja2j þ jb2j; 1þ ð1 þ s  _rÞja3j þ jb3jg
5l2ð1þ ð1 s þ rÞja2j þ jb2jÞ þ l3ð1þ ð1þ s  rÞja3j þ jb3jÞ; where l250;
l350; l2 þ l3 ¼ 1:
In this case (8) is equivalent to
jjpð0Þa;bjj þ kð1þ s þ rÞje1j4l2ð1þ ð1 s þ rÞja2jÞ þ l3ð1þ ð1þ s  rÞja3jÞ
ð9Þ
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kjb1j4l2jb2j þ l3jb3j: ð10Þ
To prove these inequalities put l2 ¼ sm1sþr; l3 ¼ rm1þsr: By condition
l2 þ l3 ¼ 1 we ﬁnd that m ¼ ð1sþrÞð1þsrÞR ; where R ¼ ðs  rÞ2 þ s þ r:
By condition f ðaÞ ¼ 1; (9) can be rewritten in the form
jjpð0Þa;bjj þ kð1þ s þ rÞje1j41þ mð1 a1Þ; hence jjpð0Þa;bjj þ kð1þ s þ rÞje1j4
1þ mð1 að0Þ1  e1Þ; then ðsþr1Þð1þsrÞQ þ rðsþr1ÞP je1j41þsrR ðsþr1ÞRQ þ je1j
 
:





; which follows from s þ
r  141þ s  r and rR4P: The ﬁrst inequality is equivalent to condition
r41: The second inequality is equivalent to ð1þ r  sÞ250: Thus, inequality
(9) is proved.
Now we prove (10). By condition f ðbÞ ¼ 0 we get that b1 ¼ sb2  rb3;
hence jb1j4sjb2j þ rjb3j: Instead of inequality (10) we prove that
kðsjb2j þ rjb3jÞ4
sð1þ s  rÞ
R
jb2j þ
rð1 s þ rÞ
R
jb3j;
which follows from two inequalities kjb2j41þsrR jb2j and kjb3j41sþrR jb3j:
The last inequalities immediately follow from s þ r  151þ s  r; s þ r
151þ s þ r; 1 s þ r51þ s þ r and rR4P: Inequality (10) is proved too.
(2) Let maxi Bi ¼ B2: Denote a2  að0Þ2 ¼ e2:
(a) Suppose that e250: Inequality (8) can be rewritten in
the form jjpð0Þa;bjj þ kðe2ð1þ s þ rÞ þ jb2jÞ41þ ð1 s þ rÞja2j þ jb2j; hence
4rs
Q
 1þ kðe2ð1þ s þ rÞ þ jb2jÞ4 ð1 s þ rÞ e2 þ ðsþr1Þð1þsrÞQ
 
þ jb2j; then
kðe2ð1þ s þ rÞ þ jb2jÞ4ð1 s þ rÞe2 þ jb2j:
The last inequality is equivalent to ke2ð1þ s þ rÞ4ð1 s þ rÞe2
and kjb2j4jb2j: The ﬁrst inequality is equivalent to rðsþr1ÞP 41; which
immediately follows from ð1 sÞ2 þ rð2 rÞ50: The second inequality is
equivalent to k41:
(b) Now assume that e250: To prove (8), we use the inequality
maxf1þ ðs þ r  1Þja1j þ jb1j; 1þ ð1 s þ rÞja2j þ jb2j; 1þ ð1þ s  rÞja3j
þjb3jg5l1ð1þ ðs þ r  1Þja1j þ jb1jÞ þ l3ð1þ ð1þ s  rÞja3j þ jb3jÞ; where
l150; l350; l1 þ l3 ¼ 1: Inequality (8) in this case follows from
jjpð0Þa;bjj þ kð1þ s þ rÞje2j4l1ð1þ ðs þ r  1Þja1jÞ þ l3ð1þ ð1þ s  rÞja3jÞ;
ð11Þ
kjb2j4l1jb1j þ l3jb3j: ð12Þ
O.M. MARTINOV182To prove these inequalities put l1 ¼ Zsþr1; l3 ¼ rZ1þsr: By condition
l1 þ l3 ¼ 1 ﬁnd that Z ¼ ðsþr1Þð1þsrÞT ; where T ¼ ð1 rÞ2 þ sð1þ rÞ: By
condition f ðaÞ ¼ 1; (11) can be rewritten in the form jjpð0Þa;bjj þ kð1þ s
þrÞje2j41þ Zð1 sa2Þ; hence jjpð0Þa;bjj þ kð1þ s þ rÞje2j41þ Zð1 sað0Þ2
þje2jÞ; then ð1sþrÞð1þsrÞQ þ rð1sþrÞP je2j41þsrT ðð1sþrÞTQ þ sje2jÞ: The last




: This inequality follows
from 1 s þ r41þ s  r and rT4sP: The ﬁrst inequality is equivalent to
condition r4s: The second inequality is equivalent to ðs þ r  1Þ250: Thus,
(11) is proved.
Now we prove (12). From condition f ðbÞ ¼ 0 we get that sb2 ¼ b1 




1þ s  r
T
jb1j þ
rðs þ r  1Þ
T
jb3j;
which follows from two inequalities kjb1j4sð1þsrÞT jb1j and kjb3j4sðsþr1ÞT jb3j:
The last inequalities immediately follow from 1 s þ r41þ s  r; s þ
r  151þ s þ r; 1 s þ r51þ s þ r and rT4sP: Inequality (12) is proved
too.
(3) Let maxi Bi ¼ B3: Denote a3  að0Þ3 ¼ e3:
(a) Suppose that e350: Inequality (8) can be rewritten in the form
jjpð0Þa;bjj þ kðe3ð1þ s þ rÞ þ jb3jÞ41þ ð1þ s  rÞja3j þ jb3j; hence 4rsQ  1þ k
ðe3ð1þ s þ rÞ þ jb3jÞ4ð1þ s  rÞðe3 þ ðsþr1Þð1sþrÞQ Þ þ jb3j; then kðe3ð1þ s
þrÞ þ jb3jÞ4ð1þ s  rÞe3 þ jb3j:
The last inequality follows from ke3ð1þ s þ rÞ4ð1þ s  rÞe3
and kjb3j4jb3j: The ﬁrst inequality is equivalent to (7). The second
inequality is equivalent to condition k41:
(b) Now assume that e350: To prove (8), we use the inequality
maxf1þ ðs þ r  1Þja1j þ jb1j; 1þ ð1 s þ rÞja2j þ jb2j; 1þ ð1þ s  rÞja3j
þjb3jg5l1ð1þ ðs þ r  1Þja1j þ jb1jÞ þ l2ð1þ ð1 s þ rÞja2j þ jb2jÞ; where
l150; l250; l1 þ l2 ¼ 1:
Inequality (8) in this case follows from
jjpð0Þa;bjj þ kð1þ s þ rÞje3j4l1ð1þ ðs þ r  1Þja1jÞ þ l2ð1þ ð1 s þ rÞja2jÞ;
ð13Þ
kjb3j4l1jb1j þ l2jb2j: ð14Þ
To prove these inequalities put l1 ¼ gsþr1; l2 ¼ sg1sþr: By condition
l1 þ l2 ¼ 1 we ﬁnd that g ¼ ðsþr1Þð1sþrÞP :
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s þ rÞje3j41þ gð1 ra3Þ; hence jjpð0Þa;bjj þ kð1þ s þ rÞje3j41þ gð1 rað0Þ3 þ
je3jÞ; then 1þsrQ þ rPje3j41Pðð1þsrÞPQ þ rje3jÞ; that is rPje3j4 rPje3j: Thus, in-
equality (13) is proved.
Now we prove (14). From the condition f ðbÞ ¼ 0 we get that rb3 ¼




1 s þ r
P
jb1j þ
sðs þ r  1Þ
P
jb2j;
which follows from the two inequalities kjb1j4rð1sþrÞP jb1j and kjb2j4rðsþr1ÞPjb2j: The last inequalities follow from the two trivial conditions s þ r 
151þ s þ r; 1 s þ r41þ s þ r: Inequality (14) is proved.
The ﬁrst requirement of Theorem 2.2. is proved too.
Now let
1 s  r50; r4s:
In this case we have að0Þ1 ¼ 1; að0Þ2 ¼ að0Þ3 ¼ að0Þ4 ¼ 0; bð0Þi ¼ 0 ði ¼ 1; 2; 3Þ;
bð0Þ4 ¼ 1: Calculate the norm of the operator p pð0Þa;b:





jða1  1Þfj þ b1gj j;
X4
j¼1
ja2fj þ b2gj j;
X4
j¼1
ja3fj þ b3gj j; 0
 !
¼maxfja1  1jð1þ s þ rÞ þ jb1j; ja2jð1þ s þ rÞ þ jb2j;
ja3jð1þ s þ rÞ þ jb3jg:
Let 05a141; a250; a350; bi ¼ 0 ði ¼ 1; 2; 3Þ: Put also 1þ ð1 s þ
rÞa2 ¼ 1þ ð1þ s  rÞa3; hence
a3 ¼ 1 s þ r
1þ s  r a2: ð15Þ
By condition f ðaÞ ¼ 1 and (15) ﬁnd
a2 ¼ 1þ s  r
R
ð1 a1Þ; a3 ¼ 1 s þ r
R
ð1 a1Þ:
For these values of ai and bi we get
B1 ¼ ja1  1jð1þ s þ rÞ ¼ ð1þ s þ rÞð1 a1Þ;
O.M. MARTINOV184B2 ¼ ja2jð1þ s þ rÞ ¼ ð1þ s  rÞð1þ s þ rÞ
R
ð1 a1Þ;
B3 ¼ ja3jð1þ s þ rÞ ¼ ð1 s þ rÞð1þ s þ rÞ
R
ð1 a1Þ:
The inequality B25B3 is equivalent to 1þ s  r51 s þ r; which
immediately follows from condition s5r: The inequality B25B1 is
equivalent to 141þsr
R
; hence ðs  rÞ2 þ 2r41: Since s þ r41 it is sufﬁcient
to prove ðs  rÞ2 þ 2r4s þ r: From the last inequality we have ðs  rÞ24s 
r; which immediately follows from s  r41 and s5r: Consequently,
max14i43 Bi ¼ B2:
Moreover, T1 ¼ 1þ ðs þ r  1Þa141; T2 ¼ T3 ¼ 1þ ð1sþrÞð1þsrÞR ð1a1Þ
51; hence max14i43 Ti ¼ T2:
Now we will estimate k from the above. From the inequality 1þ kB24T2
we easily get k41sþr
1þsþr: Obviously, k 2 ð0; 1
:
To show that k ¼ 1sþr
1þsþr is a maximal value of the constant of a strong
unicity we prove that inequality
1þ 1 s þ r
1þ s þ r maxfja1  1jð1þ s þ rÞ þ jb1j;
ja2jð1þ s þ rÞ þ jb2j; ja3jð1þ s þ rÞ þ jb3jg
4maxf1þ ðs þ r  1Þja1j þ jb1j; 1þ ð1 s þ rÞja2j þ jb2j;
1þ ð1þ s  rÞja3j þ jb3jg ð16Þ
satisﬁes for any ai; bi:
Consider three cases.
(1) Let maxi Bi ¼ B1:
To prove (16) it is sufﬁcient to show that
1þ 1 s þ r
1þ s þ r maxfja1  1jð1þ s þ rÞ þ jb1jg
4maxf1þ ð1 s þ rÞja2j þ jb2j; 1þ ð1þ s  rÞja3j þ jb3jg ð17Þ
Now we note that
ja1  1j ¼ jsa2 þ ra3j4sja2j þ rja3j; ð18Þ
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maxf1þ ð1 s þ rÞja2j þ jb2j; 1þ ð1þ s  rÞja3j þ jb3jg
5l2ð1þ ð1 s þ rÞja2j þ jb2jÞ
þ l3ð1þ ð1þ s  rÞja3j þ jb3jÞ; where l2 þ l3 ¼ 1:
Inequality (17) follows from
1þ ð1 s þ rÞja1  1j4l2ð1þ ð1 s þ rÞja2jÞ þ l3ð1þ ð1þ s  rÞja3jÞ
ð20Þ
1 s þ r
1þ s þ r jb1j4l2jb2j þ l3jb3j: ð21Þ
Let, also as above, l2 ¼ sm1sþr; l3 ¼ rm1þsr; where m ¼ ð1sþrÞð1þsrÞR :
Then, by (18), we get
l2ð1þ ð1 s þ rÞja2jÞ þ l3ð1þ ð1þ s  rÞja3jÞ
¼ 1þ mðsja2j þ rja3jÞ51þ mja1  1j:
Thus, to prove (20) it is sufﬁcient to show that 1þ ð1 s þ rÞja1 
1j41þ mja1  1j: The last inequality is equivalent to ðs  rÞ2 þ 2r41; which
is proved above.
Now we prove (21). By (19) we show that
1 s þ r
1þ s þ r ðsjb2j þ rjb3jÞ4
sð1þ s  rÞ
R
jb2j þ
rð1 s þ rÞ
R
jb3j:
The last inequality follows from
1 s þ r
1þ s þ r jb2j4
1þ s  r
R
jb2j; ð22Þ
1 s þ r
1þ s þ r jb3j4
1 s þ r
R
jb3j: ð23Þ
O.M. MARTINOV186Inequality (22) follows from 1 s þ r41þ s  r and R41þ s þ r:
The ﬁrst inequality is equivalent to r4s: The second inequality is equivalent
to ðs  rÞ241:
Inequality (23) is equivalent to R41þ s þ r:
(2) Let maxi Bi ¼ B2:
It is sufﬁcient to prove that
1þ 1sþr
1þsþr ðja2jð1þ s þ rÞ þ jb2jÞ4
1þ ð1 s þ rÞja2j þ jb2j; hence 1sþr1þsþrjb2j4jb2j; then k41:
(3) Let maxi Bi ¼ B3:
In this case it is sufﬁcient to prove that
1þ 1 s þ r
1þ s þ r ðja3jð1þ s þ rÞ þ jb3jÞ41þ ð1þ s  rÞja3j þ jb3j:
The last inequality follows from ð1 s þ rÞja3j4ð1þ s  rÞja3j and
kjb3j4jb3j: The ﬁrst inequality is equivalent to r4s: The second inequality
is equivalent to k41: The proof is complete.
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